Recently, the theory of Topologically massive gravity non-minimally coupled to a scalar field has been proposed which comes from Lorentz-Chern-Simons theory [27] . That theory is a torsion free one. We extend that theory by adding an extra term which makes torsion to be non-zero. The extended theory can be regarded as an extension of Minimal massive gravity such that it is non-minimally coupled to a scalar field. We obtain equations of motion of extended theory such that they are expressed in terms of usual torsion free spin-connection. We show that BTZ spacetime is a solution of this theory when scalar field is constant.
Introduction
We know that the pure Einstein-Hilbert gravity in three dimensions exhibits no propagating physical degrees of freedom [8, 11] . But adding the gravitational Chern-Simons term produces a propagating massive graviton [3] . The resulting theory is called topologically massive gravity (TMG). Including a negative cosmological constant, yields cosmological topologically massive gravity (CTMG). In this case the theory exhibits both gravitons and black holes. Unfortunately there is a problem in this model, with the usual sign for the gravitational constant, the massive excitations of CTMG carry negative energy. In the absence of a cosmological constant, one can change the sign of the gravitational constant, but if Λ < 0, this will give a negative mass to the BTZ black hole, so the existence of a stable ground state is in doubt in this model [4] . TMG has a bulk-boundary unitarity conflict. In another term either the bulk or the boundary theory is non-unitary, so there is a clash between the positivity of the two Brown-Henneaux boundary c charges and the bulk energies [5] . Recently an interesting three dimensional massive gravity introduced by Bergshoeff, et. al [6] which dubbed Minimal Massive Gravity (MMG), which has the same minimal local structure as TMG. The MMG model has the same gravitational degree of freedom as the TMG has and the linearization of the metric field equations for MMG yield a single propagating massive spin-2 field. It seems that the single massive degree of freedom of MMG is unitary in the bulk and gives rise to a unitary CFT on the boundary. The authors of [7] by formulating TMG at a special point in parameter space, where the curvature radius of AdS 3 equals the inverse of the graviton mass µ, have introduced the Chiral Gravity(CG). Recently the authors of [27] have proposed a generalization of chiral gravity. They have considered a Chern-Simons action for the spin connection in the presence of a scalar field and a constraint that enforce the spin connection remain torsion-less. So, the model includes TMG and CG as particular cases. Here we would like extend the Lagrangian of this model such that it describes minimal massive gravity theory non-minimally coupled to a scalar field. Then we try to find a general formula for quasi-local conserved charge of the model in first order formalism. We use the obtained formula to obtain energy, angular momentum and entropy of the BTZ black hole solution in the context of this theory. There are several approach to obtain mass and angular momentum of black holes solutions of different gravity theories [8] - [26] . The authors of [13] have obtained the quasi-local conserved charges for black holes in any diffeomorphically invariant theory of gravity. By considering an appropriate variation of the metric, they have established a one-to-one correspondence between the ADT approach and the linear Noether expressions. They have extended this work to a theory of gravity containing a gravitational Chern-Simons term in [14] , and have computed the off-shell potential and quasi-local conserved charges of some black holes in TMG. In the metric formalism of gravity for the covariant theories defined by a Lagrangian n-form L, Wald showed that the entropy of black holes is the Noether charge associated with the horizon-generating Killing vector field, evaluated at the bifurcation surface [9] . Presence of the purely gravitational Chern-Simons terms and mixed gauge gravitational ones gives rise to a noncovariant theory of gravity in the metric formalism. Tachikawa extended the Wald approach to include non-covariant theories [28] . By this extension one can obtain the black hole entropy as a Noether charge in the context of non-covariant theories as well. This extension was then worked out by authors of [29] . The authors of [30] have proposed a new formulation of a differential Noether charge for theories in the presence of Chern-Simons terms. They have also presented a manifestly covariant derivation of the Tachikawa formula for Chern-Simons contribution to entropy. The remainder of this paper is organized as follows. In section 2, at first we shortly introduce the model of [27] , then by adding a convenient term to the Lagrangian of [27] we generalize this model such that it describes minimal massive gravity theory non-minimally coupled to a scalar field. In contrast to the the Lagrangian of [27] , our model is not torsion free. In section 3, we obtain the equations of motion. We show that the new filed h, in contrast to the usual minimal massive gravity is not a symmetric tensor. Also we show that the BTZ black hole spacetime solves the equations of motion. In section 4, we will find an expression to conserved charges of considered model associated with asymptotic Killing vector field ξ based on quasi-local formalism for conserved charges. In section 5 we consider a stationary black hole solution of the minimal massive gravity coupled to scalar field, then we find a general formula for entropy of such black hole solutions. In section 6 we apply our obtained formula for conserved charges and entropy on the BTZ black hole solution of minimal massive gravity coupled to scalar field model, and obtain energy, angular momentum and entropy of these black holes. In section 7, we calculate the central extension term and, through it, we read off the central charges and the eigenvalues of the Virasoro algebra generators for the BTZ black hole solution. Also we obtain again the energy and angular momentum of this black hole using the eigenvalues of the Virasoro algebra generators. Then we find the entropy of BTZ black hole by using the Cardy formula. In the final section, we summarize our results.
2 Minimal massive gravity non-minimally coupled to a scalar filed Recently, it has been shown that one can achieves from Lorentz-ChernSimons action to topologically massive gravity (TMG) non-minimally coupled to a scalar field [27] . We know that the Lorentz-Chern-Simons Lagrangian 3-form is given by
where ω ab = ω ab µ dx µ are the components of spin-connection 1-form. 3 We can decompose the spin-connection in two independent parts
whereω ab is the torsion-free part which is known as Riemannian spinconnection and K ab is contorsion 1-form. The field equations for the LorentzChern-Simons Lagrangian are
where R ab (ω) is curvature 2-form. Using following the Bianchi identities
we find that D(ω)T a (ω) = 0, and this equation has the following solution in three dimensions
where ϕ 0 is a constant. Notice that D(ω) denotes exterior covariant derivative with respect to ω and T a (ω) is torsion 2-form which is defined as
also, e a = e a µ dx µ are vector valued 1-forms such that e a µ denote dreibein and we shall assume that the dreibein is invertible. Since T a (ω) = K a b ∧ e b , then we find that
In the paper [27] , the authors promote ϕ 0 to be a local dynamical field ϕ = ϕ(x). By substituting Eq.(2) with K ab = −ϕε ab c e c into the Lagrangian (1) we have
Eventually, the authors of the paper [27] presented the following Lagrangian
where λ and m are two parameters and they are introduced to adapt cosmological constant and mass parameter of TMG term, respectively. The last term in the Lagrangian (9) makes this theory to be torsion free. The above Lagrangian describes a Topologically massive gravity theory non-minimally coupled to a scalar field. In thee dimensions, it is convenient to define dualized spin connection 1-form and dualized curvature 2-form as follows:
respectively. By using a 3D-vector algebra notation for Lorentz vectors (see for instance [31] ), dualized curvature and torsion 2-forms can be written as
in terms of dualized spin-connection, respectively. Now, we want to generalize the Lagrangian (9) such that it describes Minimal massive gravity theory non-minimally coupled to a scalar field. First of all, we consider the following redefinitions in the Lagrangian (9)
and then, we add the following term to the obtained Lagrangian
where α is just a dimensionless parameter. Thus, we obtain the following Lagrangian
It is easy to see that the theory described by the above Lagrangian is not a torsion free one.
Equations of motion
To find equations of motion, we must take variation of the Lagrangian (14)
where Φ is collection of all the fields, i.e. Φ = {ϕ, e, ω, h}. In the above equation, we have the following definitions
The equations of motion of the considered theory are
and Θ(Φ, δΦ) is just surface term. We can write the equation of motion (19) , namely E h = 0, as
It is clear that one can define a new dual spin-connection 1-form
which is the usual torsion free spin-connection Ω = Ω(e). By this definition, the equations of motion can be rewritten as
To obtain the above equations we have used the following equation
where f is an arbitrary Lorentz vector valued 1-form. By combining the equations (25) and (26), we have
We can solve this equation to find the following expression for h,
In contrast to ordinary minimal massive gravity [6] , h µν is not a symmetric tensor, i.e. in the considered model the condition e · h = 0 no longer holds. In the equation (30), S µν = R µν − 1 4 g µν R is 3D Schouten tensor, where R µν and R are respectively Ricci tensor and Ricci scalar. For BTZ black hole spacetime [32] , we have
where l is AdS space radii. By assuming that ϕ be a constant, say ϕ = ϕ 0 , the BTZ black hole spacetime solves the equations of motion (24)- (27) . So, by taking ϕ = ϕ 0 , for BTZ black hole spacetime the equation (30) reduces to
where
By substituting Eq. (31) and Eq.(32) into the equations of motion (24)- (27), we have
It is obvious that by combining Eq. (35) and Eq.(36), the equation (33) can be regained. Thus, the BTZ black hole spacetime together with ϕ = ϕ 0 will be a solution of the considered model when the equation (34) is satisfied, where β is given by Eq.(33).
Quasi-local conserved charges
In this section, we will find an expression to conserved charges of considered model associated with asymptotic Killing vector field ξ based on quasi-local formalism for conserved charges [13, 14, 15, 16, 17] . Under Lorentz gauge transformation Λ ∈ SO(2, 1), dreibein transforms as e a µ → Λ a b e b µ so that the spacetime metric g µν = η ab e a µ e b ν under this transformation remains unchanged. Also, under Lorentz gauge transformation the spin-connection transforms as ω → ΛωΛ −1 + ΛdΛ −1 so this is not an invariant quantity under considered transformation. One can define LorentzLie (L-L) derivative of the dreibein 1-form as [33] 
where £ ξ denotes ordinary Lie derivative along ξ and λ a b generates the Lorentz gauge transformations SO(2, 1). In general, λ a b is independent of the dynamical fields of considered model and it is a function of spacetime coordinates and of the diffeomorphism generator ξ. The total variation of the dreibein and the spin-connection are defined as [34] δ ξ e a = L ξ e a ,
respectively, where χ a ξ = 1 2 ε a bc λ bc . The extra term in (39), −dχ ξ , can makes a theory non-covariant, in the meaning of Lorentz covariance (because e and ω both are invariant under general coordinate transformation). Now, we suppose that the variation of the Lagrangian Eq.(15) is due to a diffeomorphism which is generated by the vector field ξ, so the total variation of Lagrangian (15) with respect to the diffeomorphism ξ is
On the one hand, presence of topological Chern-Simons term in the Lagrangian (14) makes this model to be Lorentz non-covariant, by virtue of Eq.(39). So, the total variation of the Lagrangian (14) due to diffeomorphism generator ξ can be written as
On the other hand, from definition of total variation due to ξ, equations (38) and (39), we can write
where i ξ denotes the interior product in ξ. By substituting equations (41)- (45) into Eq. (40) we have
The right hand side of above equation becomes zero by virtue of the Bianchi identities (4). Therefore, we find that
Thus, the quantity J ξ defined above is conserved off-shell. Because J ξ is closed, then by virtue of the Poincare lemma, it is exact such that we can write J ξ = dK ξ . Since this model is not Lorentz covariant we expect that the total variation of surface term differs from its L-L derivative
Now, we take an arbitrary variation from Eq.(48) and we find that
where J ADT (Φ, δΦ; ξ) is defined as
and we will refer to that as "generalized off-shell ADT current" [15, 16] . If ξ be a Killing vector field everywhere then the generalized off-shell ADT current is reduced to the ordinary one, because we have the following configuration space result given in [35] 
this equality holds when ξ is a Killing vector field. Also, if the equations of motion and the linearized equations of motion both satisfied, then the off-shell ADT current is reduced to the symplectic current, and we know that the symplectic current give us conserved charges associated to asymptotically Killing vector fields [9] . Thus, this generalization makes sense for ordinary ADT current. In this way, generalized off-shell ADT current will be conserved for any asymptotically Killing vector field as well as a Killing vector filed which is admitted by spacetime everywhere. It seems that we can write [14, 28] 
so the equation (50) can be rewritten as
where Q ADT (Φ, δΦ; ξ) is generalized off-shell ADT conserved charge associated to asymptotically Killing vector field ξ which is given as
The quasi-local conserved charge associated to the Killing vector field can be define as ξ as [13, 14] Q(ξ) = 1 8πG
where G denotes Newtonian gravitational constant and Σ is a space-like codimension two surface. Also, integration over s is just integration over an one-parameter path in the solution space and s = 0 and s = 1 are correspond to the background solution and the interested solution, respectively. It is straightforward to calculate ψ ξ in Eq.(41) using the fact that exterior derivative and L-L derivative do not commute
Thus, we will have
In a similar way, we can obtain Π ξ in the equation (49) as
It is easy to see form equations (53), (58) and (59) that dZ ξ = 0 then we can choose Z ξ to be zero. As mentioned earlier we can write J ξ = dK ξ by Poincare lemma, so from Eq.(48), we can find K ξ as follows:
Considering the above results, namely equations (58)-(60), and by taking into account Eq. (23), one can calculate the generalized ADT conserved charge (55) as
By demanding that δ ξ e a = 0 explicitly when ξ is a Killing vector field, we find the following expression for χ ξ [33, 34] 
Now, we simplify this expression for the considered model which is not torsion free. It is clear that covariant derivative of a vector field ξ is given as
where Γ α µν is the connection compatible with metric g µν . On the one hand, we can decompose this connection into two parts
where α µ ν is Levi-Civita connection and K α µν is contorsion tensor which is defined as K
in terms of Cartan torsion tensor
On the other hand, because h a = 1 2 ε abc h bc , from the equation of motion (19) we have
Thus, we can calculate contorsion tensor in terms of h α µν and then by substituting obtained result into Eq.(64) we find that
Now, by substituting Eq.(67) into Eq.(62) we will find the following expression for χ ξ
where∇ denotes covariant derivative with respect to Levi-Civita connection. Hence, to calculate conserved charges of considered solutions by using Eq.(56), we can employ the above expression for χ ξ .
5 General formula for entropy of black holes in minimal massive gravity coupled to scalar field Let us consider a stationary black hole solution of the minimal massive gravity coupled to scalar field. We know that entropy of a black hole is conserved charge associated to the Killing horizon generating Killing field ζ [9] . We take the codimension two surface Σ to be the bifurcate surface B. Assuming that ζ is the Killing vector field which generates the Killing horizon, so we must set ζ = 0 on B. Thus, the equation (61) reduces to
on the bifurcate surface. Now take s = 0 and s = 1 correspond to the considered black hole spacetime and the perturbed one, respectively. Therefore, by integrating from (69) over one-parameter path in the solution space we have
The bifurcate surface of a stationary black hole is a circle. In the paper [34] , the authors have shown that on the bifurcate surface we can write
where κ is the surface gravity and N a is a vector which is given as
Hence, by substituting Eq.(70) into Eq.(56) we will have
which should be calculated on horizon. Now, we can define entropy of a stationary black hole as [9] 
which should be calculated on horizon. In the above formula, h φφ is given by
The formula (75) will be similar to the ordinary minimal massive gravity one when we take ϕ = ϕ 0 .
6 Application for BTZ black hole solution with
In this section, we calculate conserved charges and entropy of the BTZ black hole solution with ϕ = ϕ 0 in the context of the considered model. The following dreibein describes BTZ black hole spacetime
where r + and r − are outer and inner horizon radii of BTZ black hole, respectively. We take the integration surface Σ to be a circle with a radius of infinity. Therefore, we can consider the AdS 3 spacetime to be background corresponds to s = 0
The bar on a quantity means that the quantity is calculated on background. Thus, the equation (61) for the considered solution reduces to
where we have used Eq.(32) and Eq. (36) . Quantities are calculated on the background obviously do not depend on parameters of the solution space, so by taking an integration from Eq.(79) over one-parameter path in the solution space, we have
where ∆Φ = Φ (s=1) − Φ (s=0) . By substituting Eq.(80) into Eq.(56) we find that
For BTZ black hole spacetime at spatial infinity we have
which are calculated based on Eq.(77). Energy is conserved charge corresponds to the Killing vector ξ = ∂ t , thus
and angular momentum is conserved charge corresponds to the Killing vector ξ = −∂ φ , then
Since on the horizon of BTZ black hole we have
so by substituting Eq.(85) into Eq.(75) we find entropy of BTZ black hole solution as
It is straightforward to check that these results satisfy the first law of black hole mechanics, that is
and Ω H = r − lr + are Hawking temperature and angular velocity of horizon, respectively.
Virasoro algebra and the central term
Using the results of section 4 , we can obtain the central extension term for the considered model and subsequently we can read off the central charges.
In this section, we take AdS 3 spacetime with ϕ = ϕ 0 as background (see Eq. (78)) and the integration surface Σ to be a circle with a radius of infinity. Two copies of the classical centerless Virasoro algebra, which are known as the Witt algebra, is given by
where ξ ± m ( m ∈ Z ) are the vector fields and they have the following form [36] 
where x ± = t/l ± φ. Also, the square brackets in Eq.(88) denote the Lie bracket. The central extension term C(ξ ± m , ξ ± n ) is given by the following equation [37] (see also related works in [38, 39] )
Since the conserved charge (56) is linear in ξ then
on the other hand, we know that
thus, the central extension term will be obtained from the following equation
It is clear from Eq.(56) that we can write at spatial infinity
Therefore, by taking an integration from Eq.(94) over one-parameter path in the solution space, we have
also, from Eq.(94), we can easily deduce that
Thus, by substituting Eq. (95) and Eq. (96) into Eq.(93), we find an expression for the central extension term and consequently we can read off the central charges of the considered model. Because we take AdS 3 spacetime with ϕ = ϕ 0 then the equation (96) can be rewritten as
where A ± are connections correspond to the two SO(2, 1) gauge group [40] (
In the calculation of the equation (97) we have used the following equation 
therefore, one can show that
By substituting equations (104) into Eq.(97), we find that
Suppose that ϕ = ϕ 0 and h = βe, as they are sensible for BTZ balck hole solution, then Eq.(95) for ξ = ξ ± m becomes
By substituting equations (82) into Eq.(106), we find that
Now, to find central extension term we must substitute Eq.(105) and Eq. (107) into Eq.(93) then we find that
To obtain the usual n dependence, that is n(n 2 − 1), in the the above expression it is sufficient one make a shift on Q(ξ ± m ) by a constant [41] . Thus, by the following substitution
are central charges and L ± n are generators of Virasoro algebra. So the algebra among the conserved charges is isomorphic to two copies of the Virasoro algebra. We can read off the eigenvalues of the Virasoro generators L ± n from Eq.(107) as
The eigenvalues of the Virasoro generators L ± n are related to the energy E and the angular momentum j of the BTZ black hole by the following equations respectively
Also, to calculate the entropy of the considered black hole one can use the Cardy formula [42, 43] (see also [36] )
By comparing above results, equations (113)- (115), with equations (83), (84) and (86) we see that they are exactly matched.
Conclusion
In this paper, we considered the theory of topologically massive gravity nonminimally coupled to a scalar field which comes from Lorentz-Chern-Simons theory [27] . The Lagrangian of that theory is given by Eq. (9) and it is a torsion free one. We have extended that theory by adding an extra term (13) which makes torsion to be non-zero. The Lagrangian of extended theory is given by Eq. (14) and it could be an extension of minimal massive gravity such that it is non-minimally coupled to a scalar field. In section 3, we obtained equations of motion (24)- (27) of extended theory such that they are expressed in terms of usual torsion free spin-connection (23) . We showed that BTZ spacetime together with ϕ = ϕ 0 solves the equations of motion (24)- (27) when equations (34)-(36) are satisfied. In section 4, we defined generalized off-shell ADT current and we deduced that it is conserved for any asymptotically Killing vector field as well as a Killing vector field which is admitted by spacetime everywhere. Then we used Poincare lemma to define generalized off-shell ADT charge (55) and consequently we defined quasi-local conserved charge (55) for the considered theory. In section 5, we found general formula (75) for entropy of stationary black hole solution in the context of considered theory. We used the obtained formulas to calculate energy (83), angular momentum (84) and entropy (86) of BTZ black hole solution. These quantities satisfy the first law of black hole mechanics. In section 7, we obtained the central extension term (108) and then we read off the central charges (111) and the eigenvalues of the Virasoro algebra generators (112) for the BTZ black hole solution. We calculated energy (113) and angular momentum (114) of this black hole using the eigenvalues of the Virasoro algebra generators. Also we calculated the entropy of BTZ black hole by using the Cardy formula (115). By comparing equations (113)-(115) with equations (83),(84) and (86) we found that although they have been obtained using two different ways, but they are exactly matched as we expected.
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